Abstract. Let p ≡ 1 (mod 4) be a prime. Let a, b ∈ Z with p a(a 2 + b 2 ).
, whereπ means the complex conjugate of π. If 2 | b and a+b ≡ 1 (mod 4), we say that π is primary. If π or −π is primary in Z[i], it is known that (see [IR, p. 121 For more properties of the quartic Jacobi symbol one may consult [IR, 311] and [Su6, (2 for some x, y ∈ Z. In 1942 Aigner and Reichardt [AR] proved that ε 2 = 1 + √ 2 is a quadratic residue of a prime p ≡ 1 (mod 8) if
and only if p = x 2 + 32y 2 (x, y ∈ Z). In 1969, Barrucand and Cohn [BC] rediscovered this result. Later, Brandler [B] showed that for q = 13, 37 the unit ε q is a quadratic residue of a prime p (p ≡ 1 (mod 4), ( 2 (x, y ∈ Z). For more special results along this line one may consult [BLW, LW1, LW2, Wi4] , [Su6, Remark 6 .1] and [Lem2, .
Let p and q be distinct primes such that p ≡ q ≡ 1 (mod 4) and 
−1 if q is a quartic nonresidue (mod p).
According to [Lem2] , in 1839 Schönemann [Sc] showed that
This was rediscovered by Scholz [S] ad − bc q .
In 1985, Williams, Hardy and Friesen [WHF] found a general rational quartic reciprocity law including Scholz's law and Burde's law. See also [Lem1, Lem2] and [E1] .
Let D > 1 be a squarefree integer. There are a great many papers discussing is concerned with quartic residues, rational quartic reciprocity laws, class numbers and binary quadratic forms, and many mathematicians discussed the problem by using class field theory. For more references, see for example, [Bro1, Bro2, D, FK, KWY, K, LW3, W, Wi5] .
In [Su6] , the author proved the following general result (see [Su6, Theorem 6 .2 and Remark 6.1]). In Section 2 we give general congruences for 
To our surprise, the result is very simple and it can be easily deduced from the law of quadratic reciprocity. For a, b ∈ Z the Lucas sequences {U n (b, a)} and {V n (b, a)} are defined by
). Using the results in Sections 2 and 4, in Sections 3 and 5 we determine U p−1
As an application, we give general criteria for
In addition to the above notation, throughout this paper we let N denote the set of positive integers. For a, b ∈ Z (not both zero) let (a, b) be the greatest common divisor of a and b. For a given prime p and a nonzero integer n we use ord p n to denote the nonnegative integer α such that p
Congruences for
For two integers a and b, it is easily seen that (see [Su1] )
This is the starting point for our goal. 4 
Proof. We first evaluate the Legendre symbol ( 
If 2 ab, then (a 
As p a(a
Now we assume ( a 2 +b 2 p ) = 1. By the above we have
This together with the previous evaluation of (
Let us consider (ii). Suppose (
we see that
Combining this with (2.2) we obtain
Now applying the evaluation of (
b+ad/c p ) we obtain (ii) and hence the theorem is proved. Remark 2.1 When 2 | a and a 2 + b 2 is a prime, Theorem 2.1(i) was known to E. Lehmer [Le2] .
Proof. As ( 
Proof. We first assume ( 
When ( D p ) = −1, one can similarly prove the result by using Theorem 2.1(ii). Thus the theorem is proved.
As consequences of Theorem 2.2 we have: 
(mod p) if p ≡ 1, 9, 13, 37 (mod 40), ±5, ±6, ±7 (mod 17) and
} be the Lucas sequences defined by (1.1) and (1.2). In the section we determine the values of
Proof. If 2 b, taking a = 2k in Theorem 2.1 we see that
If 2 b, then 2 k. By Theorem 2.1 and the fact
This together with (1.3) and (1.4) yields the result in this case. If 4 | b, using Theorem 2.1 we see that
Now applying (1.3) and (1.4) we deduce the result. The proof is now complete.
Remark 3.1 Let a, b ∈ Z and p be an odd prime such that (
). Putting b = 1, 2, 3, 8 and k = 1 in Theorem 3.1 we deduce the following results.
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) be the Fibonacci and Lucas sequences respectively. Then
and
Corollary 3.3. Let p ≡ 1 (mod 4) be a prime and p = c
, ±6 (mod 13) and
Corollary 3.4. Let p ≡ 1 (mod 4) be a prime and p = c
, ±7 (mod 17) and
. From (1.3) and (1.4) we see that
Thus applying Theorem 3.1 we obtain the result.
Theorem 3.3. Let p ≡ 1 (mod 4) be a prime and p = c
Thus applying Theorem 3.1 we have
This proves the theorem. Remark 3.2 Let p ≡ 1 (mod 4) be a prime and p = c
From (1.3) and (1.4) we know that (k, b) . Using this we may extend Theorems 3.1-3.3 to the case (k, b) > 1.
Putting k = 1 in Theorem 3.3 we obtain the following result. 13 
Remark 3.3 Let p ≡ 1, 9 (mod 20) be a prime and p = c
This result is due to E. Lehmer [Le1] . ). Then
Congruences for
Proof. Substituting a, b, c by −a 2 , 2b, −a in [Su5, Theorem 3.1 and Corollary 3.1] we see that
. By Lemma 4.1,
Hence applying (1.3), (1.4) and the above we obtain
This yields the result. 
This yields the result.
Corollary 4.1. Let p be an odd prime. Then
Proof. Taking a = b = 1 in Theorem 4.1 we obtain
To see the result, we note that 2
(mod p) and
Corollary 4.2. Let p = 2, 5 be a prime. Then
Proof. 
we obtain the result.
Corollary 4.3. Let p = 2, 13 be a prime. Then 
Proof. Using the properties of the quartic Jacobi symbol, one can easily see that 2 p
Now taking a = 1 and b = 4 in Theorem 4.1 and applying the above we obtain the result.
Corollary 4.5. Let p = 2, 17 be a prime. Then 
Thus applying Corollary 4.4 we obtain the result. 
Proof. As (A, m) = 1 and (x, y) = 1 we see that (A, x 0 ) = (A, y 0 ) = (m, x 0 ) = 1 and p xy. It is clear that
If p ≡ 1 (mod 4), then 
)
(mod 4). (ii) If p ≡ 3 (mod 4) and we choose the sign of y so that y ≡ 1 (mod 4), then
Proof. Let x 1 ∈ {x, −x} be such that x 1 = 2 α x 0 and x 0 ≡ 1 (mod 4). We first assume p ≡ 1 (mod 4). Taking This completes the proof. 22
As examples, if p is an odd prime, we then have ≡ (−1)
with y ≡ 1 (mod 4), This is a classical result due to Brown [Bro1] and Lehmer [Le3] . 
Proof. As x 2 ≡ 2p (mod 5) we see that and
This completes the proof. 2 ) = 1 we have
Proof. Suppose x = 2 α x 0 (2 x 0 ). Using Lemma 4.1 and [Su6, (2.7) and (2.8)] we see that
This proves the lemma. ≡ 1 (mod 4). 25 (
if 2 | a and 2 b,
if 2 a and 2 | b,
if 2 ab, 4 | a − b and 2 y. 
Now we consider the following three cases. On the other hand, using Lemma 4.3 we have
This together with (4.4) yields the result in the case. On the other hand, using [Su6, (2.8 
if 2 y. Now combining the above with (4.4) we deduce the result.
By the above the theorem is proved. Remark 4.5 Let p be an odd prime and a, b ∈ Z with p a(a ≡ 1 (mod 4).
We also have
for A ≡ 1 (mod 4). Thus from Theorem 4.4 we deduce the following result. 
Suppose that p is a prime such that p ≡ 1 (mod 4) and p ≡ ±1, ±2, ±4, ±8 (mod 17). Let p be an odd prime. From Corollary 4.9 we deduce
Here (4.6) is due to Vandiver [V] , (4.7) and (4.8) are due to Brandler [B] . See also [Su6, Remark 6 Proof. Taking a = −1 and b = 3 in Corollary 4.9(iii) we obtain the result. for some x, y ∈ Z and
Proof. By [SW, This result is essentially due to Lehmer [Le1] . See also [BEW, Corollary 8.3.4] . If p ≡ ±1, ±3, ±4 (mod 13), then p = x 2 + 13y 2 for some x, y ∈ Z. Taking a = 2 and b = 3 in Theorem 4.5 we deduce 3c+2d 13
for some x, y ∈ Z (see [SW, Table 9 .1]). Taking a = 6 and b = 1 in Theorem 4.5 we deduce ≡ 1 (mod 4). Let {U n } and {V n } be given by (
and 
